Light emitting diode (LED) lamp has attracted increasing interest in the field of lighting systems due to its low energy and long lifetime. For different functions (i.e. illumination and color), it may have two or more performance characteristics. When the multiple performance characteristics are dependent, it creates a challenging problem to accurately analyze the system reliability. In this paper, we assume that a product has two performance characteristics, and each performance characteristic is governed by a random effected Wiener process where random effects capture the unit to unit differences. The random effected model is fitted to the actual data and corresponding goodness of fit tests are carried out. The dependency of performance characteristics is described by a Frank copula function. The inference for margins method and Markov chain Monte Carlo method are used to obtain the estimators of the corresponding model unknown parameters. A numerical example about an actual LED lamps experiment data is given to demonstrate the usefulness and validity of the proposed model and method.
Introduction
Due to the advances in material science and manufacturing processes, most modern products have long lifetimes and highly reliability, and few units will fail in a test of practical length at normal operating conditions (the details see in Meeker and Escobar (1998) , Nelson (1990) ). Therefore, it is difficult to assess the reliability of these products with traditional failure time method. In this situation, using degradation data to do reliability assessment appears to be an attractive alternative to deal with traditional failure time data.
Degradation is very common for most mechanical system or components, and it can be described by a continuous performance process in terms of time (see Zuo et al., 1999) . Because the stochastic process model can provide flexibility to describe the failure generating mechanisms and the operating environment characteristics, many articles used the stochastic process approach to model the degradation path, such as Markov chain, Gamma processes, and Wiener processes, et al (the details see in Aalen(2001) Previous research only considers one performance characteristic (PC) or failure mechanism in degradation product. However, this assumption may not be realistic in some cases. A motivating example is a lighting system for different purposes of lighting. The different design and the characteristic demands (i.e. illumination and color) may generate multiple failure mechanisms.
There are some works on the estimation of product reliability of bivariate or multivariate degradation data; see Huang and Askin (2003) , Bagdonavicius et al. (2004 Bagdonavicius et al. ( , 2007 . But they only considered independence assumption or multivariate normal distribution of the multiple PCs. However, these assumptions may be not match the engineering practice. In Sari et al. (2009) , a copula function is used to describe the dependence of these degradation paths.
But in Sari's work, they modeled the degradation data with generalized linear regression model with population average approach. Compared with stochastic process model, the regression model ignores the temporal uncertainty of a degradation process, which results in limiting its applications. Hence, based on Sari's work, Pan et al. (2011 Pan et al. ( , 2013 used the Wiener process to model the degradation failure mechanism and used the copula function to describe the dependence of multiple degradation failure mechanism. Similar to the Sari's work, they also use the population average approach and do not consider the random effect in their model.
In fact, considering that each product possibly experiences different sources of variations during its operation, for a degradation model to be realistic, it is more appropriate to incorporate unit to unit variability in the degradation process. The degradations of such products can be described by random effect models, where random effects capture the unit to unit differences. Especially for the actual LED lighting system, there few research use the copula method with the random effect Wiener process to assess the system reliability. Furthermore, if the PC's dimension is large, and the degradation model of each PC has too many parameters, the one-step estimate method which used in Pan et al. (2011 Pan et al. ( , 2013 can be very time consuming.
In this paper, we assume that the LED lighting system is described by two PCs (i.e. illumination and color), and each PC is governed by a random effects Wiener process. Moreover, we assume that the two PCs are dependent and their dependency being characterized by a copula function. Since the likelihood function in such a situation is quite complicated, a combination method of the inference for margins (IFM) method and the Markov chain Monte Carlo (MCMC) algorithm is used to obtain the unknown parameters.
The rest of the paper is organized as follows. In Section 2, some assumptions and copula basic are described. Then, the bivariate degradation model based on random effects Wiener process is introduced in Section 3. In Section 4, method of inference based on the IFM method for the model parameters and the MCMC algorithm for the marginal distribution parameters are presented. A numerical example about an actual LED lamps data is given in Section 5. Finally, some conclusions are made in Section 6.
Some Basic Assumptions and Copula Brief

.1 Basic Assumptions
To analyze the problem statistically, some assumptions are used for the reliability modeling in this article. The details of each assumption are explained in the corresponding sections. 1. The samples are independent, and no catastrophic failures occur during the degradation process. 2. The marginal degradation processes can be modeled as Wiener process with random effect. 3. For a specific product, the degradation measurements on the two PCs are observed at the same time (balanced data). 4. Note that the degradation path of a product is a decreasing function, then, a product is announced to be failed if any PC is less than its corresponding failure threshold for the first time. Here, the failure threshold vector is denoted by ξ = (ξ1, ξ2). 5. The two PCs are dependent on each other, and the dependency can be characterized by a Frank copula function.
Copulas and their Properties
Copulas provide a very convenient way to model and measure the dependence among multiple PCs. In order to see this, we first provide a brief introduction on copulas.
A two dimensional copula
is conventionally defined as a bivariate cumulative distribution function with uniform margins. A probabilistic way to define the copula is provided by the theorem of Sklar (see in Nelson (2006) ).
Theorem (Sklar, 1959) Let X and Y be random variables with continuous distribution F(x) and G(y), respectively, and H(x, y) be the two dimensional cumulative distribution function. Then, there exists a two dimensional copula ( , )
C   such that for all x, y ( , )
C   is a copula and F(·) and G(·) are distribution functions, then the function ( , ) H   defined by Equation (1) is a joint distribution function with margins
F(·) and G(·).
In this paper, the Frank copula which belongs to Archimedean copula family is used to depict the dependence among multiple PCs as follow 1 [exp(
where ( , 0) (0, )
is the Frank copula parameter (see in Nelson (2006)).
Reliability Model via Wiener Process
Marginal Reliability Model via Wiener Process
Due to many good mathematical properties and physical interpretations of the Wiener process, it is often taken to describe the performance degradation of products. A welladopted form for the Wiener process   ( ), 0 X t t  can be expressed as:
where μ is the drift degradation rate, σB is the diffusion coefficient, B(t) is the standard Brownian motion representing a time correlated structure.
Assume that the degradation path of a product is governed by Equation (3) . Note that the degradation path is a decreasing function, given the threshold value  , the product's lifetime T is defined as
and it is known that T follows inverse Gaussian distribution with probability density function (PDF) as
and the corresponding cumulative distribution function (CDF) is
where ( )   is the CDF of the standard normal distribution.
From the Equation (3), we know that the average performance degradation characteristic of a product is considered as a linear function about t. When it is not linear, Whitmore and Schenkelberg (1997) used a transformed time scale ( ) t  to make it linear. Generally, the transformation is denoted by ( ) ( , )
Then, a Wiener process with a time-scale transformation can be written as
Suppose that a product has two PCs and each PC is governed by a Wiener process with transformed time scale. The kth PC is defined by Equation (8) as
where k=1, 2, and
. Let ξk be the threshold value of the kth PC, the lifetime Tk of the kth PC is defined as
(10) Then, by using the property of the random variable function, we can get the PDF of the lifetime T based on Equation (5) as
where ( ) ( , )
, and "T" denotes first derivative. In most degradation applications, considering that each item possibly experiences different sources of variations during its operation, for a degradation model to be realistic, it is more appropriate to incorporate unit to unit variability in the degradation process. The degradations of such products can be described by random effect models, where random effects capture the unit to unit differences. In this paper, we treat the drift parameter μ is a random effect representing between item variation, and the diffusion σ is a fixed effect that is common to all items. For simplicity, we assume that μ and B(t) are independent, and that μ follows 
We can use the degradation model (12) to describe the nonlinear degradation characteristics, the unit to unit variation of the product simultaneously with the time correlated structure.
Similarly, consider that a product has two PCs and each PC is governed by a random effects Wiener process. The kth PC is defined by Equation (12) as
Based on Equation (11), when the degradation process X(t) given by Equation (13) where the parameter μk is a random variable and follows
using the total law of probability, we can get
and the corresponding CDF is
where ( )   is the PDF of the standard normal distribution, and ( ) 1 ( | )
Modelling via Bivariate Degradation Data
Suppose that a product has two PCs and the measurements of degradation process are random variables X(t)=(X1(t), X2(t)) at observation time point t.
From the basic assumptions, the product is considered to be failed if any PC reaches its corresponding failure threshold, which is known as ξ = (ξ1, ξ2). Note that the degradation path is a decreasing function, given the failure threshold ξk of the kth PC, the marginal reliability at time t can be expressed as:
Therefore, the product is in a working condition when each PC keeps upper its failure thresholds. Then, the product reliability can be written as follows:
If the two PCs are assumed to be independent, the product reliability in Equation (17) can be rewritten as (15), (16) and (18) , the product reliability with two PCs can be easily obtained.
However, if the two PCs are not independent with each other, then we can not provide accurate reliability estimation. Therefore, the copula method is utilized to establish the dependent structure among the two PCs.
If ( , )
C   is the joint copula of the marginal degradation distributions, similarly to the method of Sari (2009) and Pan (2013) , the system reliability at time t in Equation (16) can be expressed as
If the product has two PCs linked by bivariate Frank copula given as
Then, we can obtain the system reliability function as
The Estimation of Unknown Parameters
In this paper we will use the inference for margins (IFM) approach to obtain the estimation of unknown parameters, and the IFM approach works as follows:
The IFM Approach
Let   , , ; ( ; ), , ( ; ); ;
where   1 1 1 ( ; ), , ( ; );
( ; ) ( ; )
where α * =(α1, α2, …, αK, αc). The IFM approach is used to perform the statistical inference for copulas with two stages: The first stage is to calculate the parameters in marginal functions; and in the second stage, the MLE is used to estimate the parameters of the joint copula function.
Stage 1 
In this paper, we assume that a product has two (K=2) PCs, and the marginal distribution is governed by a random effect Wiener process. Different the traditional two stages IFM method, the parameters estimation of marginal distribution is obtained by the MCMC method.
Parameters Estimation of Marginal Distribution
To achieve parameter estimation of marginal distribution, for the kth PC, suppose that N units are tested and M measurements for all the units ． Let the ( ) ki ij X t denotes the degradation measurement of the ith unit at the corresponding time ij t , and 1, 2, ,
From the above, we know that the measurement times of the two PCs of N units are the same (balanced data). In general, the degradation data for the kth PC can be presented in the form 
Therefore, for the kth PC, from Equation (10), the degradation process of the ith unit at time point tij is given by as
According to the independent increment property of the Wiener process,
where
and ki  is the drift degradation rate of the product i for the kth PC. Therefore, the conditional PDF of ( )
From Equation (31) and (32), we know that the joint posterior (33) is obviously complicated. Therefore, the Bayesian MCMC simulation techniques were employed in this study. We can use the Bayesian software package WinBUGS (see Ntzoufras (2009) ) to carry out the Gibbs sampling, and then we can obtain the estimator of the model parameters. 
Application to LED Lighting System
Degradation of PC1
Degradation of PC2
Estimation of Unknown Parameters
Now, we use the LED data to illustrate the proposed model and method in this paper. Firstly, we use the Wiener process model with random effect to fit the data of PC1 and PC2, respectively. Tseng et al. (2003) suggested that ( ) ( , )
is appropriate for the LED degradation modeling, and thus is adopted here. By using the method in section 4, the estimates of the unknown parameters are as follows in Table 2 : and the corresponding standard errors and confidence intervals for the estimated parameters as shown in Table 3 . To demonstrate the goodness of fit, the mean degradation paths estimated from the model and from the sample average are compared. Based on Equation (14) , it is easy to see that the estimated degradation path based on the random effect model is given by Intuitively, if the random effect model is correct, then, the estimated mean degradation paths based on Equation (34) should agree with the sample average. Therefore, we plot the estimated mean degradation paths based on Equation (34) in conjunction with the sample average. The two curves tally quite well, implying the goodness of fit of the random effect model in Figures 3 and 4 .
Reliability Assessment
Based on the estimated results of the unknown parameters, the marginal and system reliability curves are presented in Figures 5. I n d e p e n d e n t D e p e n d e n t P C 1 P C 2 Figure 5 . Marginal and system reliability curves It can be concluded from the Figures 5 that PC1 has a relatively higher reliability than PC2 before about 400 hours. Therefore, the system reliability may tend more to the marginal reliability of PC2. Similarly, after about 400 hours, the system reliability may tend more to the marginal reliability of PC1. Furthermore, both independent and dependent (with Frank copula assumption) reliability curves are calculated. Reliability dependent system reliability curve shows a relatively higher value than the system reliability curve estimated with independent assumption and it is lower than the reliability curve of PC1 and PC2. That is to say that ignoring the dependence between PCs may result in different reliability conclusion. Therefore, it is necessary to analyse the possibility of the failure mechanisms dependency and perform the dependent reliability analysis.
Conclusion
In this paper, we establish a reliability model for the LED lighting system with two PCs, and each PC is governed by a random effect Wiener process. The random effects model is very useful when checking the goodness of fit of the real data. We suppose that the two PCs are dependent and the dependency is described by a copula function. A combination method of the IFM method and the MCMC method is used to obtain the unknown parameters. From the numerical example of Section 5, we know that ignoring the dependence between PCs may result in different reliability conclusion.
